Using the off-shell formulation for N -extended conformal supergravity in three dimensions that has recently been presented in arXiv:1305.3132, we construct superspace actions for conformal supergravity theories with N < 6. For each of the cases considered, we work out the complete component action as well as the gauge transformation laws of the fields belonging to the Weyl supermultiplet. The N = 1 and N = 2 component actions derived coincide with those proposed by van Nieuwenhuizen and Roček in the mid-1980s. The offshell N = 3, N = 4 and N = 5 supergravity actions are new results. Upon elimination of the auxiliary fields, these actions reduce to those constructed by Roček in 1989 (and also by Gates and Nishino in 1993) .
Introduction
In a recent paper [1] , we have developed a new formulation for N -extended conformal supergravity in three dimensions, which was called conformal superspace. Inspired by the earlier constructed formulations for N = 1 [2] and N = 2 [3] conformal supergravities in four dimensions, it is obtained by gauging the N -extended superconformal algebra in superspace. In the framework of [1] , the geometry of curved superspace is subject to covariant constraints such that the algebra of covariant derivatives is given in terms of a single curvature superfield which turns out to be the super Cotton tensor. Upon degauging of the local S-supersymmetry and special conformal transformations, the conformal superspace of [1] reduces to the conventional formulation for N -extended conformal supergravity [4, 5] with the structure group SL(2, R) × SO(N ). The latter formulation has been used [5] to construct general supergravity-matter couplings in the cases N ≤ 4 (the simplest extended case N = 2 was studied in more detail in [6] ). However, the approach of [4, 5] does not appear to be well suited for the explicit construction of off-shell conformal supergravity actions in superspace. 1 Within the conventional formulation [4, 5] , the superspace action for N = 1 conformal supergravity has been worked out in a recent paper [11] , using the ectoplasm formalism [12, 13, 14] , whose basic principle appeared earlier in the rheonomic framework [15] . However, an extension of the general method used in [11] , which should be applicable in principle for N > 1, has faced a formidable amount of calculation already in the case N = 2. As discussed in [1] , the main technical disadvantage of the conventional formulation [4, 5] is the presence of several dimension-1 curvature tensors (S IJ = S (IJ) , C a IJ = C a [IJ] and W IJKL = W [IJKL] ), which makes the algebra of covariant derivatives rather involved and somewhat cumbersome from the point of view of practical calculations. On the other hand, the conformal superspace of [1] has no dimension-1 curvature for the cases N = 1, 2, 3, while for N > 3 the algebra of covariant derivatives is constructed entirely in terms of the super Cotton tensor W IJKL .
In this paper, we will apply the conformal superspace [1] to construct off-shell actions for conformal supergravity theories with N < 6. In principle, we will make use of the same superform method that was at the heart of the construction in [11] (this method is a generalization of the superform formulation for the linear multiplet in four-dimensional N = 2 conformal supergravity given in [16] .) However, the technical problems that are intrinsic within the conventional formulation [4, 5] simply do not occur if one works in the conformal superspace of [1] . This paper is organized as follows. In section 2, we review the recently constructed conformal superspace of [1] , emphasizing some key points of the formulation. Section 3 presents the necessary framework for the construction of actions from an appropriate closed superform. We discuss two three-forms of particular importance, the Chern-Simons and curvature induced three-forms. These provide us with an efficient procedure of constructing closed forms, describing the actions in three-dimensions. In section 4, we work out the necessary ingredients for the construction of the supergravity actions -namely, the Chern-Simons and curvature induced three-forms. Section 5 is devoted to elaborating the component structure of the conformal superspace of [1] . Using the derived component expressions, section 6 constructs the component actions for the N < 6 cases. Finally, in section 7 we discuss our results and conclude the paper.
We also include several technical appendices. Appendix A provides some useful notes on invariant superforms. In Appendix B we give a quick derivation of the Cartan-Killing metric using a matrix realization of the superconformal group. Appendix C includes component analysis of certain curvatures, which are not directly used for the actions constructed in the paper. We also include supersymmetry transformations of component fields in Appendix D.
Geometry of N -extended conformal superspace
We begin with a summary of the newly constructed N -extended conformal superspace of [1] , which involves gauging the full superconformal algebra. We then collect the essential details of the superspace geometry for the distinct cases of N = 1, N = 2, and N = 3 as well as for N > 3. These results will be used extensively throughout the rest of the paper. We refer the reader to appendix A of [1] for our notation and conventions.
In this section we deal with a curved three-dimensional N -extended superspace M 3|2N parametrized by local bosonic (x m ) and fermionic coordinates (θ µ I ):
where m = 0, 1, 2, µ = 1, 2 and I = 1, · · · , N .
Gauging the superconformal algebra
The N -extended superconformal algebra in three dimensions, osp(N |4, R), can be viewed as an extension of the usual N -extended super-Poincaré algebra, 
while the part involving fermionic generators is
All other (anti-)commutators vanish.
It is convenient to denote the generators of the algebra collectively by Xã, with the graded commutators
The structure constants fãbc are graded anti-symmetric. The algebra satisfies the Jacobi identities
which can be compactly written as
In order to gauge this algebra, we must draw a distinction between the generators P A = (P a , Q I α ) and the remaining generators X a , which generate a subgroup H of the 2 The fermionic special conformal operator is also known as the S-supersymmetry generator. 3 The Grassmann parity of Xã is denoted by εã. superconformal group. We introduce the vielbein one-form E A = dz M E M A and the additional one-forms ω a = dz M ω M a , and we require them to transform under H as
From these connections, we construct the covariant derivative
where E A M is the inverse vielbein. As a consequence of eq. (2.6), the action of X a on ∇ A mimics that of X a on P A ,
Therefore, the covariant derivatives ∇ A together with the generators X a satisfy nearly the same algebra (2.2) we started with (replacing P A → ∇ A ), except for the introduction of torsion and curvatures, 9) which are given respectively by
In particular, the new algebra obeys the Jacobi identities 11) which determine the gauge transformations of the torsion and curvatures, and 12) which are equivalent to the usual Bianchi identities.
The full gauge group of conformal supergravity, G, consists of covariant general coordinate transformations, δ cgct , associated with a parameter ξ A and standard superconformal transformations, 4 δ H , denoted by a parameter Λ a . The latter include the dilatations, Lorentz transformations, SO(N ) transformations, and special conformal (bosonic and fermionic) transformations. The covariant derivatives transform as 13) where K denotes the first-order differential operator
Covariant (or tensor) superfields transform as
The transformations of the one-forms E A and ω a are
which are equivalent to eq. (2.13).
It is important to note that we have not gauged the algebra in the conventional sense.
5 If we had treated the vielbein E A and the connections ω a on a completely equivalent footing, we could have introduced the notation 17) and postulated the usual gauge transformations Nevertheless, it can be extremely advantageous to group our connections together in this way. The main reason will be that the conventionally-defined curvatures of a gauge theory
are nearly identical to the actual curvatures defined in eq. (2.10). The H-curvatures R a are precisely the same, while the curvature R(P ) A associated with P A is simply the difference between the curved and flat torsions, These conditions are equivalent, respectively, to eqs. (2.11) and (2.12), and will be extremely useful for our later construction of the Chern-Simons action.
N -extended conformal supergravity
Specializing now to N -extended conformal supergravity, the covariant derivatives have the form
and satisfy the (anti-)commutation relations
The explicit expressions for the torsion and various curvatures follow from eq. (2.10). We give them in their entirety here for later reference:
In order to describe conformal supergravity irreducibly in superspace, it is necessary to constrain the above torsion and curvature tensors. The appropriate constraints were given in [1] and were based on two principles. First, the curvatures should be expressed in terms of a single conformal primary superfield, the N -extended super Cotton tensor. 6 Second, the constraints imposed on the geometry should resemble super Yang-Mills. These two basic principles turn out to uniquely determine the torsion and curvatures for all values of N .
Before giving the algebra of covariant derivatives, we should point out one important feature which is independent of the choice of N . The torsion tensor always takes its constant flat space value, while the Lorentz and dilatation curvatures always vanish:
We now give the covariant derivative algebra, including the explicit form for the remaining curvatures, for all values of N .
The N = 1 case
The N = 1 super Cotton tensor W αβγ is a symmetric primary superfield of dimension-5/2
The algebra of covariant derivatives is given by
The Bianchi identities (2.12) imply an additional constraint on W αβγ : its spinor divergence must vanish,
The N = 2 super Cotton tensor W αβ is a symmetric primary superfield of dimension-2 S
The super Cotton tensors for N = 1, N = 2 and N = 3 are described by superfields W αβγ = W (αβγ) , W αβ = W (αβ) and W α , which were given in [11] , [20, 21] and [1] respectively. For N > 3 the super Cotton tensor is a totally antisymmetric SO(N ) superfield
. 7 These constraints appear to be the superspace analogue of those in [7, 8] .
As in the N = 1 case, its spinor divergence vanishes,
The algebra of covariant derivatives is
where the U(1) generator J obeys
The N = 3 super Cotton tensor W α is a primary superfield of dimension-3/2 with vanishing spinor divergence,
For all values of N > 3, we introduce the super Cotton tensor W IJKL , which is a totally antisymmetric primary superfield of dimension-1
where W IJKL satisfies the Bianchi identity
For N = 4, the equation eq. (2.38) is trivially satisfied, and instead a fundamental Bianchi identity occurs at dimension-2. Rewriting the super Cotton tensor as a scalar superfield, W IJKL := ε IJKL W , the Bianchi identity reads
For further details about this superspace formulation, we refer the reader to [1] .
Closed three-forms and locally superconformal actions
Traditionally, the supersymmetric actions were (and in many cases still are) realized as integrals over the full superspace or its invariant subspaces. A paradigm shift took place in the late 1990s when the superform (or ectoplasm) approach for the construction of supersymmetric invariants [12, 13, 14] was introduced. 9 In the case of three-dimensional spacetime M 3 , which is the body of the N -extended curved superspace M 3|2N , the formalism requires the use of a closed three-form
Given such a superform, it is a short calculation to show that the action
is invariant under arbitrary general coordinate transformations of the superspace. To see this we only need to re-iterate the proof given by Hasler in four dimensions [12] (see also [14] ). Under an infinitesimal coordinate transformation (or diffeomorphism) generated by a vector field
Since the variation δ ξ J is an exact form, the action S is indeed invariant under general coordinate transformations provided the components ξ M vanish at the boundary of the spacetime M 3 .
In N -extended conformal supergravity, suitable actions must also be invariant under the standard superconformal transformations. If the closed three-form J also transforms by an exact form under the standard superconformal transformations,
then the functional (3.2) is a suitable candidate for an action. The explicit structure of the two-form Θ(Λ a ) is constrained due to the fact that the standard superconformal transformations form a closed algebra. As will be shown below, the conformal supergravity actions with N < 6 provide examples of closed three-forms with a nonzero Θ. As concerns locally superconformal matter actions, in most cases they are associated with closed invariant three-forms such that
The ectoplasm approach has become a powerful tool for the construction and analysis of counterterms in extended supergravity theories, see [22, 23] and references therein. The ectoplasm approach proves to be equivalent to the rheonomic formalism [15] which was developed several years earlier. Unfortunately, the latter approach remained unknown to many superspace practitioners. 10 The Levi-Civita tensor with world indices is defined as ε mnp := ε abc e a m e b n e c p .
This is expected to be the case for the super-Weyl invariant action functionals constructed in [5] for the cases N < 5. Implications of the invariance condition (3.5) are spelled out in Appendix A.
As an example of a closed invariant three-form, we choose N = 1 and lift the super-Weyl invariant three-form constructed in [11] to the conformal superspace.
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The result is
where the real scalar L is a primary superfield of dimension-2. It is an instructive exercise to check explicitly that this form is closed, d Ξ = 0, and obeys the invariance condition (3.5).
The appropriate closed three-form J for the action of conformal supergravity may be found with the use of two specific three-forms. These are the Chern-Simons and curvature induced three-forms.
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To construct the Chern-Simons three-form, we have to make use of a non-degenerate Cartan-Killing metric of the N -extended superconformal algebra (2.2). The CartanKilling metric 13 can be defined in terms of the structure constants as
It possesses the following algebraic properties
From the above relations we see that the structure constants with all indices lowered
are graded antisymmetric.
11 The three-form (3.5) was originally introduced in [24] . However, the authors of [24] did not notice super Weyl invariance of the form. 12 The approach here is a generalization of the method proposed in [11] , which in turn is a generalization of the ectoplasm formulation for the linear multiplet in four-dimensional N = 2 conformal supergravity [16] . 13 For certain special cases this expression may vanish, in which case the fundamental representation must be used to define the metric, see Appendix B.
Using the Cartan-Killing metric we can construct a gauge invariant closed fourform
by virtue of the eqs. (2.21) and (3.8b), while its closure
is the result of the eqs. (2.22) and (3.8b). Extracting a total exterior derivative from R 2 gives us the Chern-Simons three-form
Since Σ CS has been constructed by extracting a total exterior derivative from R 2 it can only transform by a closed form under the standard superconformal transformations. In fact, it transforms by an exact form under the H-gauge group
If the off-shell action for conformal supergravity comes from a closed three-form J, the old component results [7, 8, 9] tell us that a part of J should be the Chern-Simons three-form. Then we must have 15) where
In some cases R 2 proves to vanish (as will be discussed below, this is actually true for N = 1 and N = 2) and then the Chern-Simons three-form is closed automatically, dΣ CS = 0, and thus Σ R = 0. If however R 2 = 0, then Σ R is expected to be an invariant three-form,
In accordance with the analysis in Appendix A, this implies that (i) Σ ABC is a tensor under the local Lorentz and SO(N ) groups; and (ii) the lowest (by dimension) nonzero component of Σ ABC is a primary superfield. These results mean that Σ R is constructed in terms of the super Cotton tensor and its covariant derivatives. We will refer to Σ R as the curvature induced three-form. 15 The curvature induced form appears to exist only for special values of N .
Conformal supergravity actions
In this section, we first elaborate on the Chern-Simons form for general N and then construct the curvature induced forms for N < 6. The resulting three-forms will live on the full superspace M 3|2N . We address their restriction to the bosonic manifold M 3 and the explicit construction of the corresponding component actions in section 6.
The Chern-Simons three-form
In order to compute R 2 and the Chern-Simons form, it is necessary to evaluate the components of the Cartan-Killing metric Γãb. One finds that the only non-zero components of the Cartan-Killing metric are
They may be computed directly from the definition (3.7). One finds
where
These components may be compared with those derived in [7, 8, 10 ] (see also Appendix B).
To avoid awkward factors of N − 6, it is convenient to introduce the renormalized Chern-Simons form
where fãbc = fãbdΓdc. We will associate with the Chern-Simons form the renormalized
It is now a straightforward task to construct Σ CS . Using the constraints on the curvatures, we find for the first term in eq. (4.3),
Making use of the identities
which follow from eq. (2.25) and the constraints (2.26a), we can rewrite eq. (4.4) as
The second term in eq. (4.3) is given by the sum of the following terms:
The full Chern-Simons form is
This result can be further simplified by using the explicit expressions for the curvatures R(M) ab and R(N) IJ in eq. (2.25). Since the superconformal Lorentz curvature R(M) ab vanishes, we find 10) correspond to the Riemann and non-conformal SO(N ) curvature tensors.
Some comments are necessary here about the simplifications which occur for small values of N . For N = 1, the SO(N ) connection vanishes, giving
Moreover, R 2 = 0, and so the Chern-Simons form is closed, 12) without the need for the additional curvature induced form. The corresponding action may be constructed straightforwardly.
The closed form J was first constructed for N = 1 in [11] using the superspace formulation of [5] . To compare that result to eq. (4.9), we must degauge conformal superspace to the superspace of [5] , following the procedure detailed in [1] . After adopting the gauge B A = 0, all the special conformal connections may be expressed in terms of additional torsion superfields, such as a real superfield S. Adding to J the exact form
where T a is the torsion two-form of [5] , we find
This result can be shown to match the closed form given in [11] up to an exact form (and up to conventions).
There are also some simplifications which occur for N = 2. The term with three SO(2) connections vanishes identically, giving
We again find R 2 = 0 since the SO(2) curvature only appears at dimension 2 in the covariant derivative algebra (2.32). The Chern-Simons form is again closed without the need to introduce a curvature induced form.
For N > 2 one finds (using the constraints on the curvatures as well as on the Cartan-Killing metric) that 16) which is non-vanishing in general. Hence, it is necessary to introduce the curvature induced three-form. In the next subsection, we will explicitly construct such a threeform for N = 3, 4, and 5.
The curvature induced three-form
We wish to find a solution to 17) where Σ R is a covariant three-form built entirely out of the curvature components. For our construction we will find it is useful to use the renormalized curvature induced form 18) which satisfies the superform equation
Then the closed form J is given by
The expression on the right hand side of eq. (4.19) is 
where Σ ABC := (Σ R ) ABC involves only the components of W α itself and transforms covariantly under H. Taking into account the dimension of W α , the only possible solution is 23) where the constant of proportionality is set by explicitly checking eq. (4.22). It is easy to see by inspection that the three-form Σ R is indeed H-invariant.
The N > 3 case
For all cases N > 3, the superspace geometry involves the super Cotton tensor W IJKL , and the expression on the right hand side of eq. (4.19) is generically given
Now it is not so straightforward to solve eq. (4.19),
This is because if we require Σ R to be built only out of W IJKL , then the only possible ansatz for the lowest components is
where A and B are unknown constants.
18 By using eqs. (4.26) and (4.24), the lowest dimensional equation in eq. (4.25) turns out to be equivalent to the following equation 27) For N > 5, the first term in this equation contains a double traceless contribution of the form
which cannot be cancelled by the second and third terms in eq. (4.27). As a result, we specialize to the N = 4 and N = 5 cases here where this contribution is identically zero.
The N = 4 case
In this case, the super Cotton tensor can be written as
The ansatz is quadratic in the super Cotton tensor and such that Σ 
Then eq. (4.24) reduces to
The ansatz
with an undetermined constant B turns out to solve the constraint (4.25). Using the following consequences of eq. (2.39)
we find the solution
The N = 5 case
The super Cotton tensor may now be written as 34) and eq. (4.24) becomes
We make the ansatz
with B and C arbitrary constants. With the help of the identities
which are consequences of eq. (2.38) for N = 5, we find the solution
38c)
With the closed three-forms constructed in this section, we can build the off-shell N < 6 conformal supergravity actions. So far, the only missing ingredient to the construction is the explicit component structure of the N < 6 Weyl multiplets. This will be our goal in the next section.
The Weyl multiplet
In this section, we elaborate on the component structure of the conformal superspace of [1] , which will correspond to the Weyl multiplet. Although we will mainly be interested in the cases where N < 6, for which we can explicitly construct the off-shell conformal supergravity action, the results here will hold for general N .
Component fields
The N -extended Weyl multiplet in three dimensions may be extracted from the superspace structure via component projections. It involves a set of gauge one-forms: the vielbein e m a , the gravitino ψ m Using the higher-θ parts of the superspace diffeomorphisms and H-gauge transformations, we can impose a Wess-Zumino gauge where we fix the θ expansions of the super one-forms, as well as the lowest components of the spinor vielbein E µ A and connection ω µ a , so that they are completely determined by the lowest components of the fields defined in eqs. (5.1) and (5.2) as well as the components of the super Cotton tensor. 19 Therefore, this is the entire physical field content of the superspace geometry of [1] .
For N = 1 and N = 2 it is possible to show that the number of bosonic and fermionic degrees of freedom in eq. (5.1) are the same without the need to introduce additional fields [7, 8] . However, for N > 2 such fields are necessary to ensure the theory is off-shell. Since one can deduce the lower N cases from the N > 3 case, we will first focus on the N > 3 case.
For N > 3 the additional fields are encoded in the super Cotton tensor W IJKL [32, 33] . The independent fields may be deduced by taking spinor derivatives of W IJKL and using the Bianchi identity (2.38), to eliminate algebraically dependent combinations. We then define the component fields as
where we define the factor I(n) by
These fields, when organized by dimension, diagrammatically form the following tower [32, 33] : and w αβγδ . 21 The factor I(n) is needed to ensure the fields X α1···αn I1···In+4 are real.
The arrows connecting the various independent components correspond to the action of Q-supersymmetry, which raises the dimension by 1/2 as we proceed downward. The left hand branch terminates at n = N − 4, and therefore the first term of this branch shows up at N = 5. The right hand branch, however, is composed of the projections of curvatures that appear in the covariant derivative algebra. As a result, the components fields w αβ IJ , w αβγ I and w αβγδ are constrained by the geometry to be composite. To see this, we note that they may be expressed in terms of the curvatures appearing in the commutator of two vector covariant derivatives,
Their component expressions are derived in Appendix C. The case N = 8 is especially interesting since one can impose either a self-dual or anti-self-dual condition on the super Cotton tensor; this amounts to equating the terms in the left and right branches [33] .
It should be mentioned that the coefficients in the definitions (5.3) were chosen so that we can easily extract the component results for lower N from the higher ones. All we must do is follow the prescription given in section 4 of Ref. [1] . We independently switch off the components with more than N SO(N ) indices and define
Then we find that the N = 1 components of the Cotton tensor are
while for N = 2 we have
which must all be composite. For N = 3 the component fields of the super Cotton tensor are
9b) 22 The curvatures appearing in these expressions are Hodge duals, using the normalization F a = 1 2 ε abc F bc for a two-form F bc [1] .
where the only auxiliary field is w α and all other components are composite.
Before moving on, we would like to mention that the supersymmetry transformations of the component fields may be derived efficiently from conformal superspace. In Appendix D we give the supersymmetry transformations relevant to our considerations.
Analysis of the curvature constraints
We have already mentioned that in the covariant derivative algebra (2.37), the torsion tensor takes its constant value, while the Lorentz and dilatation curvatures vanish. These constraints imply certain relations on the gauge fields: in particular, they algebraically constrain the spin connection ω m ab , the S-supersymmetry connection φ m α I and the special conformal connection f m a to be composite.
In this subsection, we analyze these curvature constraints and give the explicit algebraic solutions for the composite connections in our conventions.
Vector torsion
The vector torsion is given by eq. (2.25a). The projection of its lowest component is
Since the only non-vanishing covariant torsion is T 
is the contribution to the spin connection solely from the vielbein. 23 We use here the identity F mn = E m A E n B F AB (−1) εAεB for a two-form F .
Spinor torsion
The spinor torsion is given by eq. (2.25b), and its projection to lowest component is 
Dilatation curvature
Taking the projection of the dilatation curvature (2.25c), we find
Because this quantity is constrained to vanish,
the antisymmetric part of the special conformal connection is determined to be
Lorentz curvature
Finally, we address the Lorentz curvature, eq. (2.25d). Its projection can be written
Constraining this to vanish leads to
where R ab cd is the Lorentz curvature constructed solely from the spin connection,
which may be solved for the special conformal connection
As a consistency check, we note that eq. (5.19) and the explicit definition of the spin connection implies that The results derived so far are all we need to construct the component actions. The analysis of the SO(N ), S-supersymmetry and special conformal curvatures remains. This will give explicit expressions for the composite component fields of the super Cotton tensor but yield no new results, so we confine that discussion to Appendix C.
Off-shell component actions
In section 4 we constructed the appropriate closed forms which describe the offshell conformal supergravity actions for N < 6. All that remains is to make use of the component results of the previous section to explicitly construct these actions. This is our goal in this section.
The Chern-Simons contribution
We first write down the Chern-Simons contribution to the action, which has a universal form for all values of N , aside from obvious truncations at N = 1 and N = 2. It helps at this point to recall that b m is the only fundamental field in the Chern-Simons action that transforms under K. As the action is K-invariant up to a total derivative, it follows that the dependence on b m must drop out [8] . Equivalently, we can simply adopt the K-gauge b m = 0. Using the action (3.2) and the ChernSimons form (4.9), we find the Chern-Simons contribution to be
where R ab cd and R ab IJ are defined respectively in eqs. (5.25) and (C.2). Using equation (5.19) for the explicit form of the S-supersymmetry connection, the ChernSimons action becomes
This coincides with the actions studied in [9, 10] .
The full conformal supergravity action
For N ≤ 2, the Chern-Simons action S CS is the full off-shell action for conformal supergravity [7, 8] . Higher values of N require the introduction of an auxiliary field sector, which, for the values 3 ≤ N ≤ 5, can be described using a curvature induced three form. Each case for N < 6 is summarized below.
The N = 1 case
The N = 1 conformal supergravity action can be read off from eq. (6.2) by turning off the SO(N ) contribution,
which agrees with the action given in [7] . 25 The N = 0 case can further be read off by eliminating the gravitinos.
(4.33) of Σ ABC , one finds
We have relabelled the components (5.3) into a form appropriate for N = 4:
The full N = 4 conformal supergravity action is
(6.10)
The N = 5 case
For our final case, we need the expressions in (4.38), which yield
For N = 5 we have defined our auxiliary fields as
They consist of two real bosonic SO(5) vectors, w I and y I , as well as two spinors, an SO(5) singlet, X α , and an antisymmetric SO(5) tensor, w α IJ .
The off-shell N = 5 action is
Our choice of normalization for the auxiliary fields allows a simple truncation to lower values of N . Beginning with N = 5, one truncates the auxiliary fields to N = 4 by taking
(6.14)
One can check using the transformation rules in Appendix D that this truncation is consistent with the N = 4 supersymmetry and S-supersymmetry. Similarly, one can truncate the N = 4 action to N = 3 by taking
The truncation procedure for the gauge fields is obvious.
The off-shell actions for N = 3, N = 4 and N = 5 are new actions and are the main results of this paper.
Conclusion
In this paper we constructed the off-shell actions for all three-dimensional conformal supergravity theories with N < 6, both in superspace and in terms of the component fields. In the simplest cases N = 1 and N = 2, our component actions coincide with those derived in [7] and [8] , respectively, using the superconformal tensor calculus. 26 To the best of our knowledge, the off-shell actions for N = 3, 4, 5 conformal supergravity theories are new results. In the N = 4 case, only the linearized conformal supergravity action was known before [36] .
Our analysis was based on the use of conformal superspace [1] , which is a new formulation for the N -extended conformal supergravity. As compared with the conventional formulation developed earlier [4, 5] , conformal superspace is much more efficient as far as the conformal supergravity actions are concerned. To appreciate the power of the approach of [1] , it suffices to compare the off-shell constructions of the N = 1 conformal supergravity action given in this paper using conformal superspace and in [11] using the conventional formalism.
Although we successfully constructed the conformal supergravity actions for all N < 6, overcoming the N = 6 barrier still remains a very interesting problem. We remind the reader that at the heart of our construction are two fundamental ingredients: (i) the Chern-Simons three-form Σ CS , constructed in subsection 4.1, which is well defined for any N ; and (ii) the curvature induced form Σ R that we constructed for N < 6 in subsection 4.2. The closed three-form J = Σ CS − Σ R was then used to build the conformal supergravity actions. A natural question is why the general ansatz (4.26) did not work for N ≥ 6. One possibility is that for N ≥ 6 it is necessary to impose an extra constraint on the super Cotton tensor setting eq. (4.27) to zero. Another possibility is that for N ≥ 6 the ansatz (4.26) has to be extended. Both possibilities are ultimately related to the existence of the sequence of fields X α 1 ···αn I 1 ···I n+4 in the Weyl multiplet, which appear on the left hand side of Figure 1 . It can be proved that all these fields with n > 1 satisfy, in the linearized approximation, the conservation equations (γ a ) βγ ∂ a X βγα 3 ···αn I 1 ···I n+4 = 0.
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This indicates that the superfields X α 1 ···αn I 1 ···I n+4 with n > 1 are composite field strengths of hidden (super)symmetries (see e. g. [36] ). It then seems clear that a possible way of addressing the N ≥ 6 case is by either finding a consistent way to truncate part of the Weyl multiplet fields, or by adding the potentials of the field strengths X α 1 ···αn I 1 ···I n+4 , n > 1, in a properly extended ansatz for Σ R . We hope to address these issues in the future.
The results of this paper allow one to construct off-shell actions for N ≤ 4 topologically massive supergravity. In general, such an action is given as a sum of three terms: (i) the Poincaré supergravity action; (ii) the locally supersymmetric cosmological term; and (iii) the conformal supergravity action. The off-shell action for N = 1 topologically massive supergravity was first given in [8] , with the building blocks (i) and (ii) taken from [29] . Upon elimination of the auxiliary scalar, this action reduces to that originally given in [34, 35] . In the case N = 2, the superspace building blocks (i) and (ii) are given in [5, 6] . The interesting feature of this case is that there exist several off-shell versions for N = 2 Poincaré supergravity, which lead to different topologically massive supergravity theories. These theories will be studied in [37] . In the cases N = 3 and N = 4, the superspace building blocks (i) and (ii) are given in [5] .
Since the off-shell action for N = 5 conformal supergravity has been given in this paper, an interesting open problem is to develop an off-shell formulation for N = 5 Poincaré supergravity. In the rigid supersymmetric case, Zupnik has derived, building on the earlier work by Howe and Leeming [38] , harmonic-superspace formulations for the N = 5 vector multiplet and corresponding Chern-Simons actions [39, 40] . However, to the best of our knowledge, no off-shell results are yet available for N = 5 Poincaré (or anti-de Sitter) supergravity.
To construct the off-shell conformal supergravity actions, we made use of the superform approach for the construction of supersymmetric invariants 28 [15, 12, 13, 14] in the presence of a Chern-Simons term. This is an example of a known construction where an invariant derived from a closed super d-form can be generated from a closed, gauge-invariant super (d + 1)-form provided that the latter is Weil trivial, i.e. exact in invariant cohomology (a concept introduced by Bonora, Pasti and Tonin [42] in the context of anomalies in supersymmetric theories). Examples of this include Green-Schwarz actions for various branes [43] , as well as some higher-order invariants in other supersymmetric theories which were studied, e.g., in [22, 23] .
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A Note on gauge invariant forms
In this appendix we collect some useful notes for checking the gauge invariance of superforms.
First let Σ be some gauge invariant p-form (under H)
We recall that the gauge transformation of the vielbein (under H) is
Then since Σ is invariant we require
or, equivalently,
From here it is easy to see that under Lorentz and SO(N ) transformations we require Σ A 1 ···Ap to transform as a tensor. Furthermore, using the superconformal algebra we find that the dimension of each of the component fields is given by
where ∆ A is the dimension of P A ,
The remaining gauge transformations are the special conformal transformations. Now since the vielbein does not transform under the special conformal boosts we actually find that Σ A 1 ···Ap is annihilated by K a ,
The S-supersymmetry transformation of Σ A 1 ···Ap is given by
Its consequences are less trivial. Using the superconformal algebra we find
which leads to the relation
Equation (A.9) automatically implies that the lowest non-zero component of Σ is primary.
B Matrix realization of the N -extended superconformal algebra
In this paper we made use of the adjoint representation of the superconformal algebra (2.2). In some situations, however, it is more advantageous to use instead its fundamental representation. The important advantage of the latter is that the Cartan-Killing metric, in general, can only be computed in such a representation, since the index of the adjoint representation may vanish for certain simple supergroups [25, 26] . 29 In this appendix, we give the matrix realization of the superconformal group that was described, e.g., in [44] and use it to compute the Cartan-Killing metric.
In order to describe the fundamental representation of the N -extended superconformal algebra 29 This is precisely what we observed in subsection 4.1 for the N = 6 case. 30 Ref. [44] followed slightly different conventions by denoting the superalgebra by osp(N |2, R). 31 The quadratic form (B.3) can naturally be extended to the symmetric inner product on R N |4
defined by Σ|Ξ J := Σ sT J Ξ = Ξ|Σ J , with Σ and Ξ being arbitrary odd supertwistors [44] .
where the generators (P , M, N, K and S) are to be understood as matrices. Using the matrix realization (B. The components of the Cartan-Killing metric are then simply read off of eq. (B.11).
One can see that the Killing components are proportional to the ones computed using the adjoint representation for the non-vanishing cases (i.e. N = 6), eq. (4.2).
with lowest components respectively given by
We require the superspace curvatures 
R(S)
I
